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Abstract

When a consumer can appear on both sides of a two-sided market (2SM), such as

a user who both buys and sells on eBay, the platform may want to bundle the services

provided to two sides. Other examples include renewable energy power grids where

households can both use and generate electricity and text-processing software that

allows users to both read and create �les. We develop a general model for such �mixed�

2SMs, and �nd that a monopolist platform�s incentive to bundle and its optimal pricing

strategy are determined by simple and testable formulas using familiar price elasticities

of demand, which embody the bundling e¤ect, and price-cost margins adjusted for

network externalities, which incorporate �two-sidedness�. Contrary to existing results

on bundling using non-price elasticities, we show when elasticities are measured with

the price for either side, bundling may be pro�table even when the bundle demand is

less elastic than the demand for either side. The impacts from di¤erent sides on the

incentive to bundle are separable in a �seesaw�pattern. The optimal pricing rule for

mixed 2SMs generalizes the familiar Lerner formula that applies in non-mixed 2SMs,

where the optimal adjusted price-cost margin on each side may be higher or lower

than the inverse price elasticity of demand, contingent on a comparison between how

well the platform performs on the opposite side and in the intersection of two sides.

Comparative statics and potential applications are discussed.
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1 Introduction

Existing theories of two-sided markets in the literature have mostly focused on classic

examples such as credit card, video game and media, where there are good reasons to

model the two sides as two distinct groups of participants - card holders versus merchants,
game players versus developers, and media viewers versus advertisers - because there is

little possibility of overlap between these groups (see, for instance, Caillaud and Jullien

(2003), Armstrong (2006), Rochet and Tirole (2003 and 2006) and Weyl (2010)).

However, in many other, perhaps less classic two-sided markets, one participant may

act on both sides of the market. Consider for instance the consumer-to-consumer online
marketplace mediated by eBay, which clearly exhibits �two-sidedness�as buyers (respec-

tively, sellers) value eBay more when they expect to have access to a larger group of

sellers (respectively, buyers) on the platform.1 More importantly, an eBay user can quite

freely buy and sell as he or she pleases, and therefore there exists an overlap between the

buyer side and seller side of the market. In telecommunications markets, if we consider

the networks as platforms connecting call makers or message senders to receivers, there

clearly exist network externalities across the two groups, which indicates two-sidedness.

But many (if not most) subscribers both make and receive phone calls, and many both

send and receive messages. Therefore the two groups have a conceivably large overlap. In

the fast growing renewable energy market, power grids in many countries (e.g. Australia,

Germany and UK) are o¤ering households the option of installing and connecting home

electricity generation systems that can both draw power from and feed power to the grid.

In some regions, especially those with no or very limited power supply from traditional

utility companies (e.g. parts of Alaska and Scotland), new self-sustainable power grids

linking home solar/wind electric systems are built, where each household can be an elec-

tricity user, an electricity feeder, or both. Such power grids exhibit both two-sidedness

and overlap between two sides. Other similar examples include many kinds of �nancial

intermediation where consumers can both buy and sell, or both borrow and lend (such

as securities brokerage and crowd funding), software that allows users to both create and

view �les in certain formats (such as text-processing software and computer-aided design

software), and information exchange platforms that allow users to both post (or send)

and view messages (such as bulletin boards, online forums, social networking websites and

user-generated content platforms).

In this article, we provide a general model for two-sided markets where a consumer

can appear on di¤erent sides of the market, which we call mixed two-sided markets. If
no one can appear on both sides, we call it a standard two-sided market. The existence

1This analysis follows the de�nition of two-sidedness from an �indirect network externality�perspective,
as in Armstrong (2006) and Rysman (2009). Alternatively, one could use the de�nition based on price
structures by Rochet and Tirole (2006): If eBay were to charge a �xed total price to the seller and buyer
in each transaction, how this price is divided between the two parties will most certainly a¤ect their total
volume of transactions.
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of �double-side� consumers brings new pricing options to a mixed two-sided platform.

In particular, in addition to setting a separate price for each side, it can also engage in

bundling and charge all double-side consumers a price that is di¤erent than the sum of

the separate prices for two sides. We study when such bundling is desirable, and how it

a¤ects the platform�s optimal pricing strategy.

In real life, such bundling may be achieved by two-part tari¤s. Solar/wind power
grids, for instance, typically use a two-part tari¤ consisting of one common access fee

applicable to all installed home electric systems, which allows for both power using and

feeding, plus an additional fee for usage and a credit (i.e. a negative fee) for feeding

in electricity. Most telecommunications networks also charge subscribers a monthly fee

for access to both callers and receivers on the network, plus additional separate fees for

making and answering calls2. Such two-part tari¤s can generally be represented by three

prices (A; a1; a2), where A is the common �xed fee applicable to all consumers, and ai is

the additional fee applicable to buyers of product i. Long (1984) has shown that such a

two-part tari¤ is equivalent to a mixed bundling strategy, (p1; p2; pb), where pi is the
�nal price for product i which is equal to A+ ai, and pb is the �nal price for the bundle of

two products which is equal to A+ a1 + a2. Moreover, whenever there is a positive �xed

fee A in the two-part tari¤, there will be an equal positive discount for the bundle of two

products in mixed bundling. The reason is that, under the two-part tari¤, a buyer of both

products pays the �xed fee A once, not twice. Therefore, compared to separate purchases
of two products, the buyer of the bundle receives a discount that is exactly equal to the

�xed fee A (as p1 + p2 � pb = A). Therefore the �xed fee that applies to all consumers of
the platforms mentioned previously actually creates a discount for joining both sides, and

thereby implements mixed bundling of the services for two sides.

There are certainly also platforms that use separate pricing strategies for di¤erent sides,

without bundling. For instance, Zopa.com, a crowd funding platform facilitating lending

and borrowing among individuals, o¤ers di¤erent accounts for lenders and borrowers,

which involve completely di¤erent fees and none of them applies to both sides. eBay only

charges sellers whilst providing free services to buyers. Table 1 summarizes the di¤erent

choice of pricing strategies by these real-life mixed two-sided platforms.

2Mobile telephone networks in some countries, e.g. China and US, used to or still charge subscribers
for answering calls, although in many other regions, e.g. Europe, it is free to receive calls. When there is
a fee for answering calls, it may be di¤erent from that for making calls. For instance, in one tari¤ o¤ered
by China Mobile in 2003, the per-minute fees for answering and making calls were RMB 0.25 yuan and
0.6 yuan, respectively.
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Table 1. Mixed Two-Sided Platforms and Their Pricing Strategies

Platform Solar/Wind
Power Grid

Telecom.
Network

Stock
Exchange

eBay Zopa.com Acrobat
Software

Side 1 Feeder Caller/Sender Seller Seller Lender Reader
Side 2 User Receiver Buyer Buyer Borrower Writer
Strategy
Choice

2Part Tariff/
Bundling

2Part Tariff/
Bundling

2Part Tariff/
Bundling

Separate
Pricing

Separate
Pricing

Separate
Pricing

Access to 1 One
common fee

One
common fee

One
common fee

 Fee Fee
Access to 2 /Fee Fee 
Usage on 1 Credit Fee Fee /Fee Fee 
Usage on 2 Fee /Fee Fee  Fee 

What determines a monopolist platform�s incentive to bundle the services for two sides?

What is the optimal pricing strategy when such bundling is feasible?

The existing two-sided market models are not equipped to answer these questions, as

in these models any �double-side�consumer would be split into two �arti�cial�consumers

- each on one side of the market only - who make consumption decisions independently
of each other, although such decisions are in reality inter-dependent and made by the

same consumer herself. Ignoring the existence of �double-side�consumers will inevitably

result in a misrepresentation of their actual demand, and hence, in misleading implications

for the platform�s pricing strategies. As Armstrong (2006) noted in the discussion of his

Proposition 1 (on page 673), �for the analysis (of two-sided markets) to apply accurately

(to software markets), though, there need to be two disjoint groups of agents: those who

wish to read �les and those who wish to create �les. It does not readily apply when most

people wish to perform both tasks.�

Using our model for mixed two-sided markets, we show in simple and testable formulas

that both the incentive to bundle and the optimal pricing strategy are determined by

familiar price elasticities of demand, which embody the bundling e¤ect, and price-
cost margins adjusted for network externalities, which incorporate the impact of
two-sidedness. Price elasticities of demand are useful for gauging bundling pro�tability

because they by de�nition measure the revenue gains due to a marginal price reduction (i.e.

price multiplied by the marginal increase in demand) as a fraction of the corresponding

revenue losses. Price-cost margins (i.e. the di¤erence between price and cost divided by the

relevant price) are also useful because, when multiplied to the relevant price elasticities,

they convert such elasticities from revenue measures into net pro�t measures. Finally,

two-sidedness a¤ects the optimal price-cost margins because the value that a consumer on

one side creates or destroys for the opposite side through network externalities ought to be

accounted for in the calculation of the relevant pro�t margin earned from this consumer.

Before a dedicated discussion of the position of this paper in the literature, it is worth-
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while to highlight several qualitatively di¤erent properties of our analyses and results,

compared to the existing literatures on standard two-sided markets and on bundling in

one-sided markets.

1. Long (1984) and Armstrong (2013) use a particular kind of non-price elasticity3 to

show that, in a one-sided market context, a bundle discount is pro�table when the bundle

demand is more elastic than the demand for either one product. Many people �nd this
result intuitive as it closely resembles the familiar single-product Lerner formula where a

more elastic demand implies a lower monopoly price. We use standard price elasticities,
as Lerner (1934) did, and show that, contrary to the intuition shown by Long (1984) and

Armstrong (2013), bundling may actually be pro�table even if the bundle demand (i.e.

number of �double-side� consumers in our model) is less elastic than the demand for
either one product (i.e. number of consumers on one side). We also show that our result is

robust in a one-sided context when network externalities are eliminated from our model.

Because we measure demand elasticities with the price for di¤erent sides, we are able

to separate the impact from di¤erent sides on pro�tability when a discount is introduced

for joining both sides (on top of the optimal separate prices). As explained previously, it

turns out that the product between the elasticity of the bundle demand - measured with

the price for side 1, say - and the adjusted price-cost margin of side 1 exactly captures the

net gain from side 1 due to the discount, as a fraction of the cost of o¤ering the discount.

Therefore when the sum of two such fractions, each representing one side, exceeds 1, the

discount increases pro�ts.

Sometimes we can replace the optimal adjusted price-cost margin without bundling

with the inverse of price elasticity of demand for the relevant side. This is true in the

monopoly model of standard two-sided markets by Armstrong (2006), and also true in the

special case with additivity in our model. In this case the previous fraction becomes the

ratio between the elasticity of the bundle demand and the price elasticity of the demand for

the relevant side. The incentive to bundle then depends on the sum of two such elasticity

ratios, each representing one side. Therefore, in order for bundling to be pro�table, we

only need that the elasticity ratios for di¤erent sides are on average larger than one half,

such that their sum will exceed 1. This means that the bundle demand only needs to be

more than half as elastic as the demand for either side on average.
This �nding reveals that the intuition shown by Long (1984) and Armstrong (2013) is

actually very di¤erent from that of the familiar Lerner formula which links optimal prices

to price elasticities of demand. In terms of standard price elasticities, the pro�tability

of bundling generally does not rely on the bundle demand to be more elastic than the
demand for either one product.

3Long (1984) and Armstrong (2013) de�ned elasticities with respect to �simultaneous and equal per-
centage increases in price-cost markups of both products�, instead of prices. See section 3.4A for a more
detailed discussion.
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2. Our analysis also reveals a seesaw pattern in the determination of the incentive
to bundle, where the impact from di¤erent sides are separable. That is, if the bundle

demand is highly elastic with respect to the price for side 1, or if the optimal adjusted

price-cost margin without bundling for side 1 is very large, then the constraint that overall

pro�tability puts on side 2 will be more lax, and vice versa. We identify the accurate

channels through which such �asymmetry�between the two sides a¤ects the incentive to

bundle.

3. The optimal pricing rule in mixed two-sided markets generalizes the Lerner for-

mula for standard two-sided markets by Armstrong (2006). When the adjusted price-cost

markup is positive on one side, the optimal adjusted price-cost margin for this side may

be larger or smaller than the inverse of the price elasticity of demand, contingent on a

comparison between how well the platform performs on the opposite side and in the in-

tersection of two sides. A high margin on side 1, for instance, is necessary to compensate

for a bad performance on side 2 relative to that in the intersection.

4. In some more tractable special cases of our general model, more interesting results

emerge. When consumers�valuations of two sides are symmetrically distributed, for in-

stance, a higher �degree of overlap�between the two sides without bundling becomes a

favorable indicator of the pro�tability of bundling. Moreover, when a negative bundle

discount is feasible (i.e. charging a premium for joining both sides), and the total number

of single-side consumers is non-increasing in the price charged to either side, the optimal

bundle discount is positive if and only if the bundle demand is more elastic than the
total demand (i.e. the total number of consumers on the platform) given the optimal

pricing strategy.

This last result identi�es a necessary and su¢ cient condition for pro�table bundling,

unlike most existing results in the literature and our �rst result discussed previously which

are only su¢ cient. Because the elasticities are still measured by prices, this result is

consistent with the familiar Lerner intuition that a more elastic demand implies a lower

price. However, the correct comparison should be made between the bundle demand and

the total demand.
Besides these conceptual and theoretical new �ndings, our results also have the po-

tential advantage of being more convenient for both empirical testing and practical appli-

cations, compared to existing theories on monopolist mixed bundling (to be summarized

shortly), for two reasons: 1) most of our results require virtually no information about the

underlying distribution of consumers�valuations; 2) data on price elasticities and price-

cost margins are easier to obtain or to estimate from usual accounting records than, say,

data on non-price elasticities used in the literature.

The main limitation of our results is that they are derived from a monopoly model, and

therefore do not apply in markets with competition among multiple platforms. However,

they are relevant to markets mentioned previously with a dominant platform, such as
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solar/wind power grids in areas without traditional utility suppliers, stock exchanges with

little or no competition due to �nancial regulation, and software or information exchange

platforms with very large installed bases that allow for direct exploitation of monopoly

power, etc. Several such potential applications are discussed after we present the relevant

results.

Position in literature Our theory �lls a gap in the literature and generalizes the canon-

ical two-sided market model by Armstrong (2006) through incorporating features from

models of mixed bundling in one-sided markets by Long (1984) and Armstrong (2013).

Each consumer in our model can freely choose to join side 1 alone, side 2 alone, both sides,

or neither. In the terminology of Rochet and Tirole (2006) and Weyl (2010), consumers

are heterogeneous in the �membership bene�ts�they derive from joining each side or both

sides. We assume such bene�ts from di¤erent sides may be non-additive for each con-
sumer, and therefore the two sides may be complements, substitutes, or neither. Following

Armstrong (2006), we assume consumers on the same side are homogeneous in the �inter-

action bene�t�(i.e. network externality) they derive from every member of the opposite

side, and model demand as functions of utility provided by the platform, unlike in Rochet

and Tirole (2006) where demand depends on prices directly. The former approach allows

us to distinguish between the e¤ects of bundling and those due to network externalities,

crucial for unifying multi-product pricing and two-sidedness in one general framework.

There are several existing models that study bundling in two-sided markets. For in-

stance, Rochet and Tirole (2008) study tying - a special way to bundle two products by
eliminating the buyers�option of purchasing one of them alone - in credit/debit card mar-

kets, where the two sides are merchants and card holders, and the payment card platform

may tie-in their credit and debit cards on the merchant side. Chao and Derdenger (2013)

look at mixed bundling by video game platforms which o¤er both hardware consoles and

software content to game players. In these models, as there exists no overlap between

two sides, the markets are standard instead of mixed two-sided markets, and the potential

bundles are only o¤ered to one side of the market. The bundling in our framework, how-

ever, takes place across two sides, and therefore our model, our results and the intended

applications are very di¤erent.

Our model and results are �compatible�with one-sided markets as a degenerate case,

because the impact of two-sidedness is isolated into the adjustments made to the standard

price-cost markups and margins. In the large theoretical literature on mixed bundling
of two products in one-sided markets, one strand of work focuses on the properties of the

joint distribution of consumers�valuations for two products (especially their correlation

or stochastic dependence), which includes Adams and Yellen (1976), Schmalensee (1984),

McAfee, McMillan and Whinston (1989), and Chen and Riordan (2013) (who use copulas

instead of distributions, to be more precise), among others. Several other works apply
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the law of large numbers to pure bundling of many products - a special way of mixed
bundling by eliminating the option of purchasing subsets of all products - which includes

Bakos and Brynjolfsson (1999) and Fang and Norman (2006), among others. Given spe-

ci�c distributions of consumer valuations, di¤erent special ways of mixed bundling (e.g.

separate pricing, pure bundling, etc.) can usually be ranked in terms of pro�tability.

For instance, Schmalensee (1984) used normal distribution, and Fang and Norman (2006)

used log-concave distributions. One focus of this strand has therefore been to generalize

the distributions and constraints on their behavior that will still allow for the ranking of

di¤erent pricing strategies.

We follow another strand, i.e. Long (1984) and Armstrong (2013), that uses standard

aggregate demand functions and links the incentive to bundle to elasticities of demand.

However, we use price elasticities whereas their elasticities are de�ned with respect to
�simultaneous and equal percentage increases in price-cost markups of both products�,

instead of prices. Long (1984) actually studied a monopolist using a two-part tari¤ that is

equivalent to mixed bundling (as discussed earlier), and assumed additive values from dif-

ferent products. Armstrong (2013) used the same method as Long (1984) but generalized

the analysis to non-additive values as well as bundling of products from di¤erent sellers.

Our model is closer to Armstrong (2013)�s monopoly model as we consider mixed bundling

with non-additive values. We however do not address bundling by di¤erent sellers or com-

petition among multiple platforms, so our results do not apply in those situations. The

main di¤erence between their results and ours are summarized in the previous point 1.

A more detailed comparison is postponed until section 3.4 after we present the relevant

results.

To our knowledge, none of the articles mentioned previously presents the general prop-

erties of the optimal mixed bundling strategy. Hanson and Martin (1980) have solved the

optimal mixed bundling problem with discrete consumer valuation distributions for two
or more products in one-sided markets. Manelli and Vincent (2006) discuss the same

problem with additive valuations and continuous distributions, and present results as
constraints on the distributions. We use general non-additive valuations (of two products)

with continuous distributions, and present properties of the optimal pricing strategy us-

ing price elasticities, which are also robust in one-sided markets. Although these results

are not directly comparable, one sure di¤erence is that, in the �rst-order conditions, the

relevant optimal price-cost margin from each consumer in a one-sided market needs to

be adjusted by the network externalities that a consumer in a mixed two-sided market

creates for the opposite side, and what really matters is the resulting adjusted margin as

mentioned previously. Armstrong (2006) actually shows that the optimal (separate) pric-

ing strategy in standard two-sided markets satis�es a modi�ed Lerner formula involving

exactly such adjusted margins. Our results generalize Armstrong (2006)�s formula, but

show in stark contrast that, when the market is mixed, the optimal margins may be larger
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or smaller than what the Lerner formula suggests.

In the remaining parts of this article, section 2 presents the basic model and discusses

separate pricing as a benchmark; section 3 discusses the platform�s incentive to bundle;

section 4 derives the optimal pricing strategy; section 5 provides comparative statics analy-

sis; section 6 discusses the welfare-maximizing strategy and the special case of one-sided

market, and also provides a numerical example; and section 7 concludes.

2 Modelling Framework

2.1 Basic setting

A monopolist platform facilitates interaction between two market sides: i = 1; 2. A

continuum of consumers may choose to join side 1 alone, side 2 alone, both sides, or

neither. If a consumer joins side i only, we assume she obtains a total surplus of ui + ti,

where ui is a common value that the platform provides to all side-i members, and ti
represents some idiosyncratic value this consumer derives from side i.4

Common values Consumers on either side bene�t from interaction with more members

on the opposite side. Common values incorporate such bene�ts in the same way as in

Armstrong (2006). In particular, if the platform attracts Nj members on side j, and

charges a price pi to side i, each consumer on side i will obtain a common value of

ui � �iNj � pi (1)

where �i measures the bene�t a side-i consumer enjoys from interacting with each side-j

consumer. The interaction between each pair of members of two sides therefore creates a

total �interaction surplus�of (�1 + �2). Parameters �1 and �2 represent the strengths
of network e¤ects in di¤erent directions across the platform, and are assumed to be
exogenous.5

To study how the platform can exploit the fact that some consumers may want to join

both sides, we allow the platform to o¤er a discount pX to anyone who joins both sides,
in addition to the separate prices, p1 and p2. This consumer therefore pays a total price

4Following most of the theorectical literature on two-sided markets, e.g. Armstrong (2006) and Rochet
and Tirole (2006), both ui and ti here are de�ned as a consumer�s utility pertaining to the platform�s
services and characteristics, net of any tansfers between consumers (if any).

5�i corresponds to the �per-interaction bene�t�of each member of side i in Rochet and Tirole (2006)
and Weyl (2010). Here it is assumed to be the same for all members of side i, following Armstrong (2006).
Although we will often interpret these alphas as positive numbers, consistent with most of the examples
we discuss in section 1, our model and results do not depend on such an interpretation. A negative �i,
for instance, indicates how much members on side i dislike interaction with each side-j consumer. In the
knife-edge case where �1 = �2 = 0, the market is simply one-sided.
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of p1 + p2 � pX to the platform, and obtains a common value of

ub � (�1N2 + �2N1)� (p1 + p2 � pX) = u1 + u2 + pX

where the subscript b refers to the �bundle�of two sides, and the second equation follows

from (1). Therefore there is an extra common value that the platform o¤ers for joining

both sides

uX � ub � u1 � u2 = pX (2)

which is achieved exactly through the bundle discount pX . Thus in our settings, uX = pX
always holds and they are interchangeable.

Idiosyncratic values Consumers may also derive di¤erent personal bene�ts from access

to the platform�s di¤erent sides, which are independent of the number of members on either

side. For instance, mobile telecommunications network subscribers may derive di¤erent

utility from having the option of making emergency calls. The idiosyncratic value that a

consumer derives from joining side i alone is ti. To keep the model general, we assume that

joining both sides may bring an extra idiosyncratic value tX , in addition to t1 + t2.6

A consumer�s idiosyncratic values from two sides are called additive if tX = 0. They
are complements if tX > 0, and are substitutes if tX < 0. Each consumer can therefore
be indexed with a type vector, t � (t1; t2; tX), which varies among di¤erent consumers

following some exogenous distribution G(�) known to the platform.

Assumption 1 (Type) The marginal distribution of (t1; t2) has a continuous density
on support T � R2, where T is weakly convex with full dimension on R2.7

The regularity constraint on the marginal distribution of tX is only such that the

resulting demand functions to be de�ned later are di¤erentiable. This allows for a wide

range of cases, including a constant tX for all consumers. The total surplus a consumer

derives from joining both sides is the sum of all the common and idiosyncratic values:

u1 + u2 + uX + t1 + t2 + tX . Not joining either side yields a total surplus of zero.

We use u � (u1; u2; uX) 2 R3 to denote the common values, and p � (p1; p2; pX) 2 R3

to denote the pricing strategy. Whenever the platform sets a discount pX = 0, we say

that it is using separate pricing. Whenever pX 6= 0, we say that it is using mixed

6 ti corresponds to the �membership bene�t�of each member of side i in Rochet and Tirole (2006) and
Weyl (2010). Following Armstrong (2006), we assume consumers are heterogeneous in their membership
bene�ts. However, unlike in Armstrong (2006) where each consumer only has one membership parameter
as she can only appear on one side, in our model each consumer has three membership parameters (t1, t2,
and tX) and consumers may be heterogeneous in all of them.

7A two-dimensional support for the distribution of (t1; t2) is crucial here, as in all bundling models.
Note that if T = (R�?)[ (?�R) so that each consumer obtains an idiosyncratic value from only one of
the two sides but never from both (and T is one-dimensional in this case), the market becomes a standard
two-sided market and our model reduces to the monopoly model of Armstrong (2006).
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bundling, as in this case the price for the bundle of two sides together (p1 + p2 � pX) is
di¤erent than the sum of the prices for two sides.

To keep the model general, we allow all u, p and t to take negative values whenever

feasible. u1 < 0, for instance, means that the platform o¤ers a �disutility� to side 1

(but consumers with high t1 may still �nd it worthwhile to join side 1). Negative prices

may emerge, for instance, because it may be worthwhile for the platform to subsidize

participation by some consumers in order to take advantage of the large network bene�ts

they create. A negative bundle discount (i.e. a premium) is also allowed should it be

feasible and the platform �nd it pro�table. Some consumers may even have negative

idiosyncratic values, which represent some personal �disutility� from being associated

with the platform8, in which case we require that the distribution of t should not be �too

concentrated�on the negative values, such that there still exists some pricing strategy p

that yields the platform positive pro�ts.

Demand and pro�t For model transparency and tractability, we de�ne demand as

functions of the common values u, instead of prices p.9 Given u = (u1; u2; uX) provided

by the platform, a consumer chooses the largest amongst the following four options: fu1+
t1; u2 + t2; u1 + t1 + u2 + t2 + uX + tX ; 0g. The demand functions in this discrete choice
problem are de�ned as follows:

Side 1 alone : D1(u) � Pr[u1 + t1 � maxfu2 + t2; u1 + t1 + u2 + t2 + uX + tX ; 0g]

Side 2 alone : D2(u) � Pr[u2 + t2 � maxfu1 + t1; u1 + t1 + u2 + t2 + uX + tX ; 0g]

Both sides : Db(u) � Pr[u1 + t1 + u2 + t2 + uX + tX � maxfu1 + t1; u2 + t2; 0g]

Side i : Ni(u) � Di(u) +Db(u)

Total : N(u) � D1(u) +D2(u) +Db(u)

These functions are uniquely de�ned once the consumer type distribution G(�) is given.
The maximized aggregate consumer surplus is then

V (u) � Et[maxfu1 + t1; u2 + t2; u1 + t1 + u2 + t2 + uX + tX ; 0g]: (3)

By the envelope theorem, we have

@V

@u1
= N1;

@V

@u2
= N2;

@V

@uX
= Db:

8For instance, some consumers may prefer not having to remember or to keep records of their account
numbers and/or passwords that are required to gain access to some platforms.

9Armstrong (2006) also models demand as functions of utitlities. The negative side of this modeling
choice, however, is that the resulting demand becomes implicit functions of the parameters for network
e¤ects, �1 and �2, which only directly a¤ect u (see de�nition (1)) but not other variables. In some parts
of the following analyses, when we do not write out the composition of u, features of two-sidedness may
not show directly in equations. They however still exist and are implicit in u.
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To lighten notation, we use superscripts to denote derivatives. In particular, for i 2
f1; 2; bg and j 2 f1; 2; Xg, let

N j
i (u) �

@

@uj
Ni(u), D

j
i (u) �

@

@uj
Di(u), and N j(u) � @

@uj
N(u).

By the symmetry of second-order derivatives of V (u), we have

N2
1 = N

1
2 ; N

X
1 = D1b ; N

X
2 = D2b : (4)

Lemma 1 For i; j 2 f1; 2g, i 6= j, the signs of �rst order derivatives of demand are:

N i
i > 0, N

X
i = Dib > 0, D

i
i > 0, D

j
i < 0, D

X
i < 0, DXb > 0, N i > 0, NX > 0. Also we

have N i
i >

���N i
j

���.10
(All omitted proofs are provided in the Appendix.) If the platform incurs a �xed cost

fi for each member on side i and there is no other costs, its pro�t is

N1(p1 � f1)| {z }
pro�t from side 1

+ N2(p2 � f2)| {z }
pro�t from side 2

� DbpX| {z }
discount for joining both sides

which can be written using (1) and (2) as a function of u

�(u) � (�1 + �2)N1N2| {z }
value created in interactions

� N1(u1 + f1)| {z }
loss due to side 1

� N2(u2 + f2)| {z }
loss due to side 2

� DbuX| {z }
additional loss through discount

(5)

In the remaining parts of the article, we will maximize �(u) with respect to di¤erent

u that corresponds to either separate pricing (where uX = 0) or mixed bundling (with no

restriction on uX), where the following concepts play a key role.

Adjusted price-cost markup To the platform, each member of side i brings a pro�t

of pi�fi. Due to two-sidedness, each consumer also creates a value of �j for each member
on side j. Denote vi the price-cost markup that the platform earns from each side-i

member, adjusted by the total network bene�ts that each member creates for the opposite

side, which we will also refer to as the economic value earned from this consumer:

v1 � p1 � f1 + �2N2 = (�1 + �2)N2 � u1 � f1
v2 � p2 � f2 + �1N1 = (�1 + �2)N1 � u2 � f2

(6)

10The sign of N i
j depends on the distribution of tX and may also change at di¤erent u. For instance,

when tX = 0 for all consumers, N i
j(uX > 0) > 0, N i

j(uX < 0) < 0, and N i
j(uX = 0) = 0; when tX > 0 for

all consumers, N i
j(uX > 0) � 0; when tX < 0 for all consumers, N i

j(uX < 0) � 0.
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The corresponding adjusted price-cost margin on side i is denoted

ri �
pi � (fi � �jNj)

pi
=
vi
pi

(7)

These adjusted markups and margins incorporate two-sidedness into their usual one-

sided counterparts. It is sometimes useful to rewrite pro�t using vi as

� = N1v1 +N2v2| {z }
economic value from two sides

� (�1 + �2)N1N2| {z }
network bene�ts enjoyed by all consumers

� DbuX| {z }
total discount

(8)

Price elasticities of demand We de�ne the following general price elasticities of de-

mand. For i; j 2 f1; 2g, i 6= j, given that the platform attracts Nj members on side j (such
that changes in ui and pi are one-to-one according to (1)), denote

Eii �
N i
i � pi
Ni

the price elasticity of demand for side i, (9a)

Eij �
N i
j � pi
Nj

the elasticity of demand for side j with respect to pi, (9b)

Eib �
Dib � pi
Db

the elasticity of demand for joining both sides with respect to pi, (9c)

EiN �
@N

@ui

pi
N
the elasticity of total demand for the platform with respect to pi, (9d)

EXi � NX
i � pX
Ni

the elasticity of demand for side i with respect to pX , (9e)

EXb � DXb � pX
Db

the elasticity of demand for joining both sides with respect to pX . (9f)

By Lemma 1 we know the signs of all these elasticities are the same as those of the

prices used to de�ne them. Eii and E
i
N have the following general property.

Lemma 2 For i 2 f1; 2g, we have
i) EiN < E

i
i if and only if pi > 0;

ii)
��EiN �� < ��Eii �� if and only if pi 6= 0.

An increase in the common value o¤ered to side i generally increases the demand for

side i but decreases the demand for side j alone, and as a result, the total demand for the

platform does not increase as much as the demand for side i does. Therefore, in absolute

value, the total demand for the platform is generally less elastic than the demand for either

one side.
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2.2 Separate pricing as benchmark

For distinction, we relabel demand under separate pricing with lower case letters as
follows.

Demand for side i alone : di(u1; u2) � Di(u1; u2; 0),

Demand for both sides : db(u1; u2) � Db(u1; u2; 0),

Demand for side i : ni(u1; u2) � Ni(u1; u2; 0) = di(u1; u2) + db(u1; u2),

Total demand : n(u1; u2) � d1(u1; u2) + d2(u1; u2) + db(u1; u2).

Price elasticities under separate pricing are also relabeled accordingly as follows.

�ii � Eii(pX = 0) the price elasticity of demand for side i, (10a)

�ij � E
j
i (pX = 0) the elasticity of demand for side j with respect to pi, (10b)

�in � EiN (pX = 0) the elasticity of total demand with respect to pi, (10c)

�ib � Eib(pX = 0) the elasticity of demand for both sides with respect to pi. (10d)

By (8), the platform�s pro�t under separate pricing is

�(u1; u2) � n1v1 + n2v2 � (�1 + �2)n1n2 (11)

where vi is the adjusted price-cost markup de�ned in (6), only now replacing Ni with the

corresponding ni. Therefore the �rst-order conditions for the pro�t-maximizing separate

pricing strategy (p1; p2) are (
n11v1 + n

1
2v2 = n1

n21v1 + n
2
2v2 = n2

(12)

Using the elasticities in (10), the adjusted price-cost margins in (7), and the symmetric

property (4) of derivatives of demand functions, we can rewrite these �rst-order conditions

in the following way.

Proposition 1 The optimal separate pricing strategy (p1; p2) satis�es(
�11r1 + �

2
1r2 = 1

�12r1 + �
2
2r2 = 1

(13)

And the optimal adjusted separate price-cost margins of two sides (r1; r2) are given by118<: r1 =
�22��21

�11�
2
2��12�21

r2 =
�11��12

�11�
2
2��12�21

(14)

11Note that �11�
2
2 6= �12�21 as nii >

��nij�� according to Lemma 1.
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Special case with additive values Proposition 1 applies generally when values from

two sides are non-additive. In the knife-edge case when nobody derives any extra idio-

syncratic value from joining both sides (tX = 0 for all consumers), the optimal rules for

separate pricing in (13) can be simpli�ed.

Corollary 1 With additive values from two sides, the optimal separate pricing strategy

(p1; p2) satis�es, for i = 1; 2,

�ii � ri = 1: (15)

This representation is the same as the familiar �Lerner formula�for monopoly pricing in

standard two-sided markets by Armstrong (2006). This is not surprising as separate pricing

plus additivity implies separable pricing decisions for two sides, such that �21 = �
1
2 = 0,

12

and therefore the best monopoly price is chosen for each side. We can then interpret

the formulas (13) as generalizations of the Lerner formula (15), from the case of additive

values to a context with non-additive values. We will show in section 4 that the formulas

(13) for optimal separate pricing can be further generalized to derive the optimal pricing

strategy.

Proposition 1 and Corollary 1 imply that, forgoing bundling, the platform in a mixed

two-sided market can do as well as it could if the two sides had no overlap. This convenient

result not only makes separate pricing a natural benchmark for studying the incentive to

use bundling when the market is mixed (in section 3), but also facilitates a clear comparison

between the optimal pricing strategies in standard and mixed two-sided markets (in section

4).

3 Incentive to Bundle

When would the platform have an incentive to bundle the services for di¤erent sides, by

charging all consumers a common �xed fee, or equivalently by introducing a discount for

joining both sides? Starting from separate pricing, if the platform can increase pro�t by

changing uX , which is equivalent to changing bundle discount pX according to (2), we will

know for sure that it is worthwhile.

12With separate pricing (uX = 0) and additivity (tX = 0), the condition for a consumer to join side i
(either alone or in addition to side j), maxfui + ti; ui + ti + uj + tjg � maxfuj + tj ; 0g, holds if and only
if ui + ti � 0, independent of uj and tj . Therefore the demand for either side becomes independent of the
price for the opposite side, such that �21 = �

1
2 = 0 in Proposition 1.
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3.1 General result

Proposition 2 At the optimal separate pricing strategy, the platform has an incentive to

introduce a discount for joining both sides if either of the following two conditions holds

i) �1n � r1 + �2n � r2 < 1, or (16a)

ii) �1b � r1 + �2b � r2 > 1: (16b)

And if either condition is reversed, the platform has an incentive to charge a premium for

joining both sides when feasible.

Under separate pricing, recall from (10) that �in is the elasticity of total demand with

respect to pi, �ib is the elasticity of demand for joining both sides (i.e. bundle demand)

with respect to pi, and ri is the optimal adjusted price-cost margin for side i, as given

by (14). Proposition 2 implies that, given the optimal separate margins for two sides,

the platform would generally be more inclined to introduce a bundle discount if its total

demand is less elastic, or if the demand for joining both sides is more elastic, no matter if

these elasticities are measured with the price for side 1 or side 2. The magnitudes of these

elasticities are then �moderated� by the optimal separate price-cost margins to jointly

determine the incentive to bundle.

Why do these price elasticities determine the platform�s incentive to bundle? The

reason is that, ceteris paribus, a less elastic total demand means that the loss from the

discount would be smaller relative to the gain, whereas a more elastic demand for the

bundle implies that the gain from introducing a bundle discount would be larger relative

to the loss.

Price elasticity of bundle demand We �rst explain condition (16b) as its intuition is

easier to understand. Given the optimal separate prices for two sides, when the platform

introduces a discount of one unit for joining both sides, the direct loss is equal to the

number of consumers who are already on both sides, db. If the demand for joining both

sides is very elastic with respect to the price for side 1, say, then the discount will induce

a large number of members of side 2 alone to also join side 1, because with the discount it

costs them less to join side 1.13 The elasticity �1b measures exactly the additional revenue

brought by these new members of side 1, d1b �p1, as a fraction of the total loss db. Similarly,
when the demand for joining both sides is very elastic with respect to p2, the discount will

induce a high demand for side 2, and the additional revenue represented as a fraction of

the total loss is exactly �2b .

What remains to be done in order to gauge the pro�tability of introducing the dis-

count is to convert these elasticities from �revenue measures�into �pro�t measures�. The

13This argument invokes the symmetry of derivatives of demand functions in (4), where nX1 = d
1
b .
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adjusted price-cost margins de�ned in (7) and solved for separate pricing in (14), ri = vi
pi
,

achieve exactly this. Multiplying the elasticities of di¤erent sides by the corresponding

margins and adding them together, we get condition (16b), which intuitively says that

the total gains from both sides should outweigh the loss when introducing a discount for

joining both sides.

Price elasticity of total demand Now consider condition (16a) and note that the

direction of the inequality is reversed compared to (16b). Though mathematically equiva-

lent to (16b), the intuition of (16a) is easier to explain with the following alternative price

manipulations:

1) Imposing an additional �xed fee of one unit on every consumer (e.g. as a membership

fee); and

2) Lowering both p1 and p2, by one unit each.

After these steps, the �nal price for any consumer on either side alone does not change,

but those who join both sides now pay one unit less. Therefore the outcome is equivalent

to introducing a one-unit discount for joining both sides. The optimality of the original

separate prices implies that step 2) has no impact on pro�ts. Therefore, the impact on

pro�tability from the introduction of a �xed fee in step 1) is exactly the same as that from

o¤ering a bundle discount.

The additional �xed fee in step 1) has two e¤ects: a) there is a direct gain from fees

collected, equal to the total number of consumers, n; and b) there is a loss in total demand,
equal to the combined impact on n from raising both p1 and p2 by one unit each14, as the

�xed fee applies equally to all users of the platform no matter which side(s) they join.

Therefore, when the total demand n is very inelastic with respect to either p1 or p2,
the �xed fee will induce a small loss in total demand. The elasticity �in measures exactly
the lost revenue due to the equivalent rise in pi, ni � pi, as a fraction of the total gain n.
To convert revenues into pro�ts, we again multiply the elasticities by the corresponding

adjusted price-cost margins in (14) and add them together to derive condition (16a),

which intuitively says that the total losses from both sides should not exceed the gain when

introducing a discount for joining both sides (or equivalently, when introducing a �xed fee

for using the platform).

Flexibility in choice between total demand and bundle demand Aside from their

theoretical implications, the conditions in Proposition 2 has several advantages over the

existing results in the bundling literature. First of all, they require no information about

the underlying distribution of consumers�valuations. And the data they do require are

those on price elasticities and price-cost margins, likely obtainable or inferable from usual

14 In this argument, when raising pi, the size of side j is held constant so that the e¤ect on total demand
is equal to ni = @n

@ui
.
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accounting records. Moreover, these two conditions are equivalent, one using only total

demand and the other using only bundle demand. We can therefore choose between them

according to the data available. This �exibility makes Proposition 2 potentially more

convenient for both empirical testing and practical applications, insofar as when one type

of data and elasticity is easier to obtain than the other.

Consider Adobe Acrobat, a PDF software with di¤erent versions for readers and writ-

ers. Its current pricing strategy involves a freely downloadable version that only allows

reading, and a priced full package for both reading and editing. Whereas the software

provider may keep data on the sales of the full package, it is unlikely that it will be able

to monitor precisely the number of users of its free �Reader�version. It is also virtually

impossible for the �rm to track interactions between PDF readers and writers, as each

action of opening or editing any �le with the software constitutes such an interaction. This

means it is also unlikely that the �rm can infer the number of readers from interactions.

As it is probably safe to assume that all PDF writers also read PDFs, the �rm can use its

sales record as data for the bundle demand, but total demand data are likely inaccurate.

Therefore, condition (16b) is preferable. There may also be other examples where (16a)

is better, which does not require any information about the bundle (i.e. the intersection

of two sides).

The seesaw pattern The dynamics on di¤erent sides interact in a �seesaw� pattern

in conditions (16a) and (16b). Each condition is an inequality with a sum of two terms,

where the impact from di¤erent sides are separated. Therefore, if the constraint that these

conditions put on one market side is more stringent, that on the other side will be more

lax.

For instance, in (16b), if the discount results in a larger gain from side 1, �1b �r1, perhaps
because the bundle demand is more elastic with respect to the price for side 1, then the
threshold for side 2, �2b � r2, will be lower for a bundle discount to be pro�table, and vice
versa.

This seesaw pattern may be particularly useful as it provides �exibility in applications

where the two market sides are very asymmetric such that one component of the sum
in either condition is very large and the other very small, in which case the inequality

may hold with just the component for one market side alone. We discuss a particular such

example after Corollary 2.

Impact of two-sidedness The direct impact of two-sidedness on the incentive to bundle

in conditions (16a) and (16b) is isolated into ri(= vi
pi
), where vi, the economic value earned

from a member of side i as de�ned in (6), incorporates the network externalities each

consumer creates for the opposite side. Therefore, two-sidedness a¤ects the platform�s

incentive to bundle through the �moderators� of the adjusted price-cost margins at the

18



optimal separate prices. Further discussion is postponed to the comparative statics analysis

in section 5.

3.2 Special case with additive values

Proposition 2 applies generally no matter if consumers regard the two sides as comple-

ments, substitutes, or neither. In the simplest case with additivity (i.e. tX = 0 for all

consumers), the Lerner equation (15) in Corollary 1 allows us to further simplify conditions

(16a) and (16b).

Corollary 2 With additive values from two sides, at the optimal separate pricing strategy,
the platform has an incentive to introduce a discount for joining both sides if either of
the following two conditions holds

i)
�1n
�11
+
�2n
�22

< 1, or (17a)

ii)
�1b
�11
+
�2b
�22

> 1: (17b)

And if either condition is reversed, the platform has an incentive to charge a premium for

joining both sides when feasible.

With additivity, Corollary 2 shows accurately how the platform�s incentive to bundle

depends on four price elasticities of demand in the market. In particular, bundling is

pro�table when, on average, either the total demand is less than half as elastic as the
demand for each side, or the demand for joining both sides is more than half as elastic
as the demand for each side.

Recall that �ii represents the price elasticity of demand for side i as de�ned in (10).

In condition (17a), each ratio �in
�ii
measures how elastic the total demand is, relative to the

demand for side i. We already know from Lemmas 1 and 2 that 0 < �in
�ii
< 1 for sure.

Condition (17a) requires that, on average, this ratio for each side should be smaller than
1
2 so that their sum does not exceed 1.

Condition (17b) is equivalent to (17a), but the direction of the inequality is reversed.

In (17b) each ratio �ib
�ii
measures how elastic the demand for joining both sides is, relative

to the demand for side i. Condition (17b) requires that, on average, this ratio for each

side should be larger than 1
2 so that their sum is larger than 1.15

The seesaw feature of (17b) may be particularly useful for monopolist power grids

of renewable energy, such as the ones mentioned in section 1 in areas without traditional

15The existense of �
i
b

�ii
is implied by condition (17b) holding. As �ib

�ii
=

dib=db
n0i=ni

, where n0i > 0, and d
i
b > 0,

each ratio �ib
�ii
exists and is positive whenever db > 0 and ni > 0. Even when pi = 0, the value of the ratio

�ib
�ii
can still be calculated by dib=db

n0i=ni
, as pi is canceled out. This is also true for condition (17a).
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utility providers. It is likely that the demand for joining such a grid as an electricity user is
highly inelastic, not least because electricity has virtually no good substitute. Therefore
the relative elasticity ratio for the electricity user side is likely large, and may even exceed

1. If this happens, it makes sense for the grid to introduce a discount for joining as both a

user and a feeder, no matter what demand features are like on the electricity feeder side
(as each ratio �ib

�ii
is positive by Lemma 1). The typical �xed fee to join such a grid that

applies to every household regardless of which side(s) they are on is usually one way to

implement such a discount16, whether it is called a membership fee, an installation fee, or

whatever other names.

Moreover, as power grids that support fed-in electricity from households are relatively

new in most countries, there is likely insu¢ cient historical data to support analysis of

the feeders�behavior to begin with. However our conditions (17a) and (17b) may still be

applicable as long as the grid can infer elasticities from data of the more familiar user side.

3.3 Special case with symmetric type distribution

Another special case that is relevant to some of the examples mentioned in section 1 is

one where the two market sides are symmetric.17 Consider a stock market where buyers

and sellers are on the two sides of a stock exchange. If trading stocks (instead of holding

them) is the primary purpose of consumers in the market, the distribution of their idio-

syncratic values from the exchange�s service facilitating buying stocks may be similar to

the distribution of their idiosyncratic values from the selling service. More precisely, we

say the consumers�types are distributed symmetrically if the following assumption holds.

Assumption 2 (Symmetric Distribution) The marginal distribution G12 of (t1; t2)
satis�es: G12(t1; t2) = G12(t2; t1) for any (t1; t2) 2 T; and the platform incurs the

same cost for consumers on di¤erent sides: f1 = f2:

Given symmetric distributions, we call a pricing strategy p =(p1; p2; pX) symmetric
if it induces the same common value for both sides according to (1). As �1 and �2 may still

be di¤erent, the prices for di¤erent sides, p1 and p2, may also be di¤erent. We however

know by (6) that a symmetric pricing strategy must yield the same economic value from

both sides. With symmetric separate pricing, we also know at least one of the optimal

separate prices (p1 or p2) must be positive, otherwise the platform makes non-positive

pro�t.

Corollary 3 Suppose the distribution of types is symmetric such that Assumption 2 holds.
At the optimal symmetric separate pricing strategy, suppose without loss of generality that

16See section 1 for a discussion on how two-part tari¤s can implement mixed bundling.
17 In this part we still keep the assumption that the values from both sides are non-additive.
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pi > 0 for side i. Then the platform has an incentive to introduce a discount for joining

both sides if

�ib > �
i
n: (18)

And if this condition is reversed, the platform has an incentive to charge a premium for

joining both sides when feasible.

With symmetric consumer types, bundling is pro�table as long as the bundle demand
is more elastic than the total demand. Corollary 3 illustrates that, using real price
elasticities, our more general result in Proposition 2 is indeed consistent with the intuition

of a typical Lerner formula: A more elastic bundle demand relative to the total demand

implies a lower optimal price for the bundle.

Degree of mixedness We now introduce a measure of �how mixed�a two-sided market

is, de�ned as the proportion of consumers who join both sides amongst all users of the

platform. Formally, given u, the degree of mixedness is

M(u) � Db(u)

N(u)
:

Corollary 4 Suppose the distribution of types is symmetric such that Assumption 2 holds,
and the optimal symmetric separate pricing strategy induces the same common value uS

for each side. De�ne �ifig � dii � pi=di as the price elasticity of demand for side i alone,

given the size of the opposite side nj. Then the platform has an incentive to introduce a

discount for joining both sides if

M(uS ; uS ; 0) >
�1f1g
�11

� 1:

With symmetric consumer types, the more mixed the market is without bundling,
the more likely that introducing a discount for joining both sides is pro�table. There is a

de�nitive threshold for the degree of mixedness without bundling, which is determined by

the elasticity of demand for either one side and that for the same side alone. Given the

optimal symmetric separate prices, M is equal to db
n , and M + 1 is equal to 2n1

n because

db + n = n1 + n2 = 2n1. This means when M increases, the proportion of consumers

joining either side also increases. And when the di¤erence between M and the threshold

(
�1f1g
�11
� 1) increases, that is, when (M +1�

�1f1g
�11
) is larger, introducing one unit of bundle

discount uX will result in a larger gain from consumers on either side than the loss from

the discount paid to consumers joining both sides.

Consider the example of a symmetric stock market again, where it is likely that the

nature of the market primitives is such that, under separate pricing, a very large proportion

of consumers will chose to both buy and sell stocks. That is, M is likely very near
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1. Therefore, according to Corollary 4, introducing a membership fee that applies to

everyone in addition to the separate prices for buying and selling (which implements a

discount for joining both sides) is likely pro�table. This is consistent with the prevalence

of such two-part tari¤s among stock exchanges.

3.4 Detailed comparison with existing results

All elasticities in Proposition 2 and Corollaries 2 through 4 are de�ned in terms of the

price on the relevant side, given the size of the opposite side at the optimal separate pricing
strategy. In a context of one-sided markets, Long (1984) (on page S243) and Armstrong

(2013) (in his Proposition 1) looked at the e¤ect on bundling from alternative elasticities of

demand, measured in terms of �simultaneous and equal percentage increases in price-cost

markups of both products�. Though arguably unusual, their carefully de�ned elasticities

can reduce the �rst-order condition for the optimal separate price of each product to a

simple expression of the marginal change in the product�s demand, which is in turn useful

for determining the sign of the marginal change in pro�ts induced by introducing a bundle

discount. Using such elasticities, they show that a bundle discount is pro�table when the

bundle demand is more elastic than the demand for either one product.

However, it is worth emphasizing that the intuition of their result is very di¤erent from

that of a typical Lerner formula, such as (15) by Armstrong (2006), which many people

�nd familiar. Price elasticities are essential to the Lerner intuition because it appeals

to people�s common sense about the word �elasticity� and the law of demand. When

elasticities are not measured with prices, they do not imply price di¤erences in the same

intuitive way. Although neither Long nor Armstrong interpreted their results using the

Lerner intuition, they did not distinguish from it either.18 What we want to clarify is

that, although the bundle discount acts as a price reduction from the sum of stand-alone

product prices, its pro�tability does not rely on the price elasticity of demand for the
bundle to be greater than the price elasticity of demand for either one product.

Contrary to the intuition that Long (1984) and Armstrong (2013) portray, our Corol-

lary 2 clearly illustrates that, bundling can be pro�table even when the bundle demand is

less elastic than the demand for either one side. Consider, for instance, a market where
�1b
�11
=

�2b
�22
= 2

3 given the optimal separate prices, which implies
���ib�� = 2

3

���ii�� for both sides,
such that the demand for joining both sides is indeed less elastic than that for each side.

However, as �
1
b

�11
+

�2b
�22
= 4

3 > 1, condition (17b) implies that a bundle discount will still be

pro�table.19

18 It is natural to relate the results by Long (1984) and Armstrong (2013) to that of Lerner (1934).
In our observation, however, it is not rare for scholars to go so far as equating these results, especially
Armstrong�s, to the Lerner intuition. This is why we consider it necessary to distinguish between them
here.

19Using the de�nition of elasticities by Long (1984) and Armstrong (2013), however, in this situation
the elasticity of demand for each side would be 1, and that for the bundle would be 4

3
, which means that,
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Our results in Proposition 2 and Corollaries 2 and 3 show that, in determining the

incentive to bundle, a more general benchmark price elasticity to compare with the price

elasticity of the bundle demand is not that for either one product, but should be that
for the total demand, which includes the demand for both stand-alone products and
their bundle and is generally less elastic than the demand for either product according

to Lemma 2. The relative magnitudes of these elasticities, measured from di¤erent sides,

a¤ect the incentive to bundle through the �moderators�of the price-cost margins.

Therefore, a general interpretation of the incentive to bundle using the Lerner intu-
ition with price elasticities should be that: A monopolist will be more inclined to lower
the price for the bundle (by introducing a bundle discount or a �xed membership fee) either

when the bundle demand is more elastic or when the total demand is less elastic.

Note that all the results in Proposition 2 and Corollaries 2 through 4 remain applicable

in the one-sided market context of Long (1984) and Armstrong (2013) (in the integrated

supply situation) by setting �1 = �2 = 0. As there exists no network e¤ect in this

degenerate case, all the elasticities we de�ne in (9) and (10) become the standard price

elasticities for one-sided markets, without the need to hold the �size of the opposite side�

�xed. This special case is discussed in section 6.2.

What would happen to the result by Armstrong (2013) when values were additive?

With additivity, the elasticity of demand for either product at the optimal separate prices,

with respect to �simultaneous and equal percentage increases in price-cost markups of both

products�, would always be 1; and his condition for a bundle discount to be pro�table
would simply reduce to: the bundle demand is elastic, i.e. the so-de�ned elasticity of

bundle demand is larger than 1. His result would tell us no more than this. Our Corollary

2, however, provides further insights in this situation. Conditions (17a) and (17b) not

only show the two ways in which his elasticity concept can be decomposed into two ratios

between price elasticities, each for one side of the market, but also shows that there exists

a seesaw pattern in the dynamics between di¤erent market sides, as described previously.

4 Optimal Pricing Strategy

4.1 General result

We now derive the optimal pricing strategy under mixed bundling, denoted (p�1; p
�
2; p

�
X).

Using the general price elasticities of demand (Eii ; E
j
i ; E

i
b; E

X
i and E

X
b ) in (9), the adjusted

price-cost margins in (7), and the symmetry of derivatives of demand functions in (4), we

can write the �rst-order conditions for the optimal pricing strategy in a simple way.

in their terminology, the demand for the bundle would still be considered more elastic than that for each
side, even though the price elasticities give the exact opposite conclusion. This contrast shows again that
their elasticity concept should not be interpreted following the intuition of Lerner formulas.
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Proposition 3 The platform�s optimal pricing strategy (p�1; p
�
2; p

�
X) and the corresponding

adjusted price-cost margins (r�1; r
�
2) satisfy

E11 � r�1 + E21 � r�2 � EX1 = 1 (19a)

E12 � r�1 + E22 � r�2 � EX2 = 1 (19b)

E1b � r�1 + E2b � r�2 � EXb = 1 (19c)

Recall that equations (13) in Lemma 1 generalize the Lerner formula (15) by Armstrong

(2006) from additive values to non-additive values, for separate pricing in standard two-

sided markets. Proposition 3 now further generalizes Lemma 1 from separate pricing in

standard two-sided markets to mixed bundling in mixed two-sided markets, with non-

additive values from two sides.

Lerner formula (15) says that, with separate pricing, the optimal adjusted price-cost

margin on each side, when multiplied by the price elasticity of demand for the same side,

should equal 1. The system of three equations in Proposition 3 tells us that, with mixed

bundling, the optimal price-cost margins for di¤erent market segments - side 1, side 2,

and their intersection - adjusted for network bene�ts, should be such that their weighted

sum will equal to 1 when evaluated in relation to each market segment, where each weight

is the elasticity of demand for the segment in which the sum is being evaluated, de�ned

with respect to the price of the margin being weighted.

Why does the optimal pricing rule for mixed bundling require that the sums of adjusted

price-cost margins, when weighted by the relevant elasticities, should equal 1? The reason

is that, with mixed bundling, consumers�demand for each market segment depends on

all three price instruments (p1; p2; pX). Whenever one price is altered, the demand for

every market segment changes. The elasticities capture the intricate revenue changes
in the interrelated demand system, whereas the impact of two-sidedness is again isolated

to the adjusted price-cost margins, which convert revenues into pro�ts. Each equation in

Proposition 3 represents the net e¤ect of gains and losses from such demand changes, as

fractions of the cost of the initial price change, which should equal 1 to balance all gains,

losses and costs.

In this interpretation, the �extra� price-cost margin for the consumers joining both

sides is de�ned as r�X =
�p�X
p�X

= �1, which should be interpreted in incremental terms,
as the margins that the platform earns from these consumers when they act on di¤erent

sides are already accounted for in r�1 and r
�
2. And r

�
X is negative because the relevant

price instrument pX for this segment is de�ned as a deduction from the sum of separate

prices.

Consider equation (19a), for instance, where the platform o¤ers one more util to every-

one on side 1 (and as a result p1 drops by one unit for a given N2). This has four e¤ects

on pro�t:
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1) The total cost of this price cut is equal to the number of members on side 1, N1.

2) The demand for side 1 increases by N1
1 , bringing additional revenue N

1
1 � p�1, which

represented as a fraction of the cost of the price cut is exactly E11 =
N1
1 �p�1
N1

. Multiplying it

by r�1 to convert revenues into pro�ts, we get E
1
1 � r�1, the �rst term on the left-hand side

of (19a).

3) The demand for side 2 increases by N1
2 , bringing additional revenue N

1
2 � p�2 =

N2
1 � p�2, which represented as a fraction of the cost of the price cut is exactly E21 =

N2
1 �p�2
N1

.

Multiplying it by r�2 to convert revenues into pro�ts, we get E
2
1 � r�2, the second term.

4) The demand for joining both sides increases by D1b , where the gain brought by

each new consumer has already been accounted for in e¤ects 3) and 4) previously, but

in addition the platform incurs a loss of p�X in discount paid out to each new consumer,

resulting in a total additional loss of D1b � p�X = NX
1 � p�X , which represented as a fraction

of the cost of the price cut is exactly EX1 =
NX
1 �p�X
N1

, the last term.

Therefore equation (19a) intuitively says that the total gains and losses from the price

cut induced by o¤ering one more util to side 1 should exactly cancel out, such that these

fractions add up to exactly 1.

If we want to evaluate the weighted sum of the three adjusted price-cost margins, r�1,

r�2 and r
�
X , in relation to side 2 instead, the weights we should use are the elasticities of

demand for side 2, with respect to p1, p2 and pX , respectively. This sum should equal to

1 when these prices are optimal, which gives us equation (19b). The intuition of equation

(19c) is similar. The optimal pricing strategy that solves the system of equations (19a)

through (19c) does not look intuitive and is therefore provided in the Appendix.

The following result directly compares Proposition 3 with Lerner formula (15).

Proposition 4 At the optimal pricing strategy (p�1; p
�
2; p

�
X), if v

�
i > 0, we have

jr�i j =
����p�i � (fi � �jNj)p�i

���� � 1��Eii �� if and only if p�X � Eij
Eib
� Nj
Db

� v�j : (20)

Recall that v�i = p�i � (fi � �jNj) represents the optimal economic value from each

consumer on side i, as de�ned in (6), and Eii ; E
j
i and E

i
b are the general price elasticities

of demand de�ned in (9). Therefore, whether the optimal adjusted price-cost margin on

one side should be higher or lower than suggested by the familiar Lerner formula depends

on a comparison between how well the platform performs on the opposite side and in the

intersection of two sides.

The latter condition in Proposition 4, p�X � Eij
Eib
� NjDb � v

�
j , compares the platform�s

performance on side j and in the intersection of two sides. It means that, when the

platform o¤ers one more util to everyone on side i (and as a result pi drops by one unit

for a given Nj), the total extra discount paid to new consumers who join both sides

(= Eib �Db � p�X) exceeds the additional economic value earned from new members of side j
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(= Eij �Nj �v�j ). Whenever this happens, the platform incurs a net loss from side j and the
intersection of two sides by cutting pi, and therefore it needs to raise the optimal adjusted

price-cost margin on side i in order to compensate for this loss. On the other hand,

should the discount paid out to new consumers who join both sides be outweighed by the

incremental economic value earned on the opposite side, the platform will optimally set a

margin on the current side that is lower than what the Lerner formula would suggest.20

The stark contrast between (20) and (15) precisely illustrates the di¤erence between

the optimal pricing strategies in mixed and standard two-sided markets.

4.2 Special case with symmetric type distribution

Proposition 5 Suppose the distribution of types is symmetric such that Assumption 2
holds, and suppose the total number of single-side consumers is non-decreasing in u1,
i.e. D11(u)+D

1
2(u) � 0, within a neighborhood of the optimal pricing strategy (p�1; p�2; p�X).

Then we have

i) v�1 = v
�
2 > 0;

ii) p�X > 0 if and only if
��E1b �� > ��E1N ��.

Eib is the elasticity of demand for joining both sides with respect to pi, E
i
N is the

elasticity of total demand for the platform with respect to pi as in (9), and v�i is the optimal

adjusted price-cost markup for side i. With symmetric consumer types, Proposition 5

illustrates a case in which the platform will earn positive economic values from both

sides, and a su¢ cient condition for this is that the total number of single-side consumers
weakly increases in the common value o¤ered to either side.21 Lemma 1 tells us that the

demand for either one side alone generally increases in the common value for the same side

and decreases in the common value for the opposite side. D11 +D
1
2 � 0 therefore requires

that when raising the common value for one side, the demand for this side alone increases

faster than the demand for the opposite side alone decreases, such that the total number

of single-side consumers increases.

When consumer types are symmetric and D11 + D
1
2 � 0 holds, Proposition 5 also

tells us that what determines the sign of the optimal discount for joining both sides is

exactly the comparison between the elasticity of the bundle demand and that of the total

demand, both measured from the same side and in absolute value. This echoes condition

(18) in Corollary 3. The latter says that the platform has an incentive to introduce a

20A caveat of this interpretation is that it requires p�i to be positive. When p
�
i < 0, we have Ei

b < 0

and therefore p�X �
Eij

Ei
b

� Njv
�
j

Db
is equivalent to Ei

bDbp
�
X � Ei

jNjv
�
j , in which case the interpretation should

be reversed. However, Proposition 4 does not depend on a positive p�i , as in the ratio expression
EijNjv

�
j

Ei
b
Db

,

p�i is canceled out in E
i
j and E

i
b. Also note that because the sign of E

i
j depends on the signs of both N

i
j

and p�i , and the sign of N
i
j varies at di¤erent u (see footnote 10), it is much more concise to express the

second inequality as a constraint on p�X than one on v�j .
21Given symmetric type distribution, D1 +D2 increasing in u1 is equivalent to it increasing in u2.
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bundle discount if the bundle demand is more elastic than the total demand given the

optimal separate pricing strategy. Proposition 5 says that this bundle discount will indeed

be positive if and only if the bundle demand is still more elastic than the total demand at
the optimal mixed bundling strategy.

5 Comparative Statics

Now we discuss the properties of the equilibrium strategy and outcome in relation to the

parameters for the strength of network e¤ects, �1 and �2, which embody two-sidedness in

our model.22

Recall that an interaction between any pair of members of two sides creates a total
surplus of �1+�2, where �i is the share enjoyed by the consumer on side i. Let � � �1+�2.
As the mass of all consumers is normalized to 1 (see section 2.1), the number of all

potential pairs of members of di¤erent sides is also 1. Therefore � actually measures the

total interaction surplus in the market that can be created on the platform.23

Lemma 3 The platform�s maximized pro�t is determined by the magnitude of �, the sum
of �1 and �2, but not by its composition; and the maximized pro�t strictly increases in �.

Proof. Inspection of the pro�t function (5) reveals that �1 and �2 a¤ect pro�t only

through their sum �. Substituting � in (5) and rewriting pro�t as an explicit function of

�, we have

�̂(u; �) � �N1N2 �N1(u1 + f1)�N2(u2 + f2)�DbuX :

Therefore the optimal mixed-bundling common values u� can be written as an explicit

function of � only,

u�(�) = (u�1(�); u
�
2(�); u

�
X(�)) � argmaxu �̂(u; �): (21)

The maximized pro�t is therefore �̂(u�(�); �), a function of � only. By the envelope

theorem we have d
d��̂(u

�(�); �) = @
@��̂(u

�(�); �) = N1N2:

It is not surprising that the platform directly bene�ts from stronger network e¤ects

across two market sides. The result that its maximized pro�t depends on the total inter-

action surplus �, instead of how it is shared between two sides, is due to the assumption

22The generality of our model makes it di¢ cult to conduct a standard comparative statics analysis
through total di¤erentiation of the �rst-order conditions (19). The problem remains rather intractable
even when we impose additivity or symmetry. Therefore here we only present analysis of the impact of the
relative magnitudes of �1 and �2 when their sum is held constant. For some speci�c applications, however,
it may be useful to impose more restrictions that are justi�able given the context, e.g. on the behavior of
the demand and/or pro�t functions, which may make the problem tractable.

23This way of de�ning parameters is common in models that use probability measures as demand, as in
Armstrong (2006), Rochet and Tirole (2003 and 2006), and Weyl (2010). Weyl discusses several examples
in his section I.B. where such �aggregate�parameters can be applied in practice.
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that everyone on the same side has the same constant probability of interacting with
everyone on the opposite side, independent of the bene�t that each consumer derives from

each interaction. This assumption is also used by Armstrong (2006) and Rochet and Tirole

(2003 and 2006).

One implication of Lemma 3 is that, the platform may still earn a high pro�t when the

network e¤ect is weak or even negative in one direction, as long as the network e¤ect
in the opposite direction is strong enough. This is likely true for information exchange
platforms including email and text messaging systems, where the receivers usually impose

a stronger network e¤ect on senders than conversely. Especially when there are many

�junk message� senders (e.g. advertisers), the share of surplus that a receiver obtains

from an average message might even be negative, in which case the platform may need to

subsidize receivers to maintain their participation. However, as long as senders enjoy high

network bene�ts from interactions, the platform can still make a pro�t. This may help to

explain the existence of messaging systems abounding with junk messages.

Given the total interaction surplus �, although the relative magnitudes of network

e¤ects in di¤erent directions do not a¤ect pro�t, they however do a¤ect the optimal
prices for di¤erent market segments, as summarized in the following result.

Proposition 6 Given the total interaction surplus �,
i) the optimal bundle discount p�X is invariant in �1 and �2;
ii) the �nal price that a consumer who joins both sides pays, (p�1+p

�
2�p�X), increases

in �i if and only if i is the smaller side in equilibrium;
iii) the optimal price for side i, p�i , increases in �i.

For a given level of total interaction surplus, Proposition 6 �rst shows an interesting

result that the optimal discount those who join both sides receive (or the premium they

pay, if feasible) does not change no matter how the surplus is shared between two sides.

This is again due to the assumption of �constant probability of interaction�between two

sides. It does not mean that two-sidedness is irrelevant here, though. As shown in (21),

what determines the optimal level of discount is the level of joint network e¤ects in both

directions, not their structure. This result shows the extent to which two-sidedness changes

the traditional mixed bundling strategy.

Proposition 6 also says that the �nal price those who join both sides pay to the platform

increases in the share of the surplus enjoyed by the smaller side of the market (and
decreases in the share enjoyed by the larger side). The sizes of di¤erent sides matter here

because they act as multipliers to the share of surplus a consumer enjoys per interaction

when calculating the total network bene�t obtained from each side according to (1). For

the bene�t that the marginal consumer who joins both sides receives on the smaller
side, an increase in the share of surplus for the smaller side is doubly good because
this higher share is then multiplied by the size of the opposite side, which is also larger.
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As a result, the bene�t she receives on the smaller side then increases at a higher rate
than the decrease in the bene�t she receives on the larger side. Hence her total pre-

price utility increases, enabling the platform to charge a higher price without a¤ecting her

participation. Similarly, for the bene�t that she receives on the larger side, a decrease
in the share of surplus per interaction for that side is doubly bad, as this lower share will
be multiplied by the size of the opposite side which is also smaller. Therefore the resulting

pre-price utility decreases, implying a lower �nal price. Point iii) is rather straightforward.

Possible application Proposition 6 is perhaps useful for understanding the di¤erence

in price structures between similar platforms that monopolize di¤erent geographic areas.

As we do not have a speci�c real-life example in mind, let us continue to use the text

messaging example mentioned previously, and consider two such platforms in two hypo-

thetical countries, A and B. Suppose, for illustration only, there are reasons to believe that

the market conditions are very similar in these countries such that they have the same

potential total interaction surplus. The only di¤erence is that the receivers in country A

enjoy a smaller share of surplus per message than their counterparts in B, maybe because
there are more advertisers sending out annoying junk messages in A than in B.

If both platforms use two-part tari¤s of the kind discussed in section 1 that implement

mixed bundling, point i) of Proposition 6 implies that the �xed fee they charge for access

to their systems should be identical (which implements the same bundle discount). Point
iii) implies that senders in country A will pay a higher price than their counterparts in
country B, and receivers in A pay a lower price (or receive a larger subsidy) than their
counterparts in B. And if in equilibrium there are more senders than receivers in
both countries, for instance, point ii) then implies that consumers who join both sides in

country A pay a lower �nal price than their counterparts in B, as the smaller side (i.e.
receivers) in A enjoys a smaller share of surplus per message. Therefore, despite the fact

that sending a message in A brings a larger share of surplus, those who both send and
receive messages in A will pay an overall lower �nal price than their counterparts in B,
as the �nal price for receivers is much lower in A.

6 Welfare, One-Sided Market, and Numerical Example

6.1 Welfare maximization

The welfare in this market, as measured by the unweighted sum of pro�t (5) and con-

sumer surplus (3), is W (u) � �(u) + V (u). The �rst-order conditions for the welfare-

maximizing common values can be expressed using the corresponding welfare-maximizing
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mixed-bundling strategy (pW1 ; p
W
2 ; p

W
X ) as

E11 � rW1 + E21 � rW2 = EX1

E12 � rW1 + E22 � rW2 = EX2

E1b � rW1 + E2b � rW2 = EXb

where rWi =
pWi �(fi��jNj)

pWi
represents the adjusted price-cost margin for side i that maxi-

mizes welfare. Because given (pW1 ; p
W
2 ; p

W
X ), E

X
i =

NX
i
Ni
� pWX by (9), the unique solution to

the system of equations above is pWX = rW1 = rW2 = 0, which gives us the following result.

Proposition 7 The welfare-maximizing mixed bundling strategy (pW1 ; p
W
2 ; p

W
X ) entails zero

net economic values from consumers on either side and zero discount for consumers joining

both sides, that is,

pW1 = f1 � �2N2, pW2 = f2 � �1N1, pWX = 0:

Not surprisingly, the socially optimal pricing strategy involves no bundling, and each

consumer is charged according to her �net cost� to the system, just as in the standard

two-sided markets studied by Armstrong (2006).

6.2 One-sided market

In a �degenerate�case of our model where �i = 0, we have ui = �pi according to (1), so
that without network e¤ects, any common value the platform provides for side-i consumers

must be achieved at the cost of an exactly equal price cut. Moreover, vi = pi � fi so that
the net economic value earned from side i is simply the standard price-cost markup.

When �1 = �2 = 0, the market falls back to a standard one-sided market, and our

model becomes a standard one for mixed bundling with two generic products. The plat-

form has pro�t � = N1v1+N2v2�DbpX , which is exactly the standard one-sided market
pro�t function given mixed bundling strategy (p1; p2; pX), except that each demand func-

tion is de�ned with respect to (u1 = �p1; u2 = �p2; uX = pX). All of the previous analyses
and results still hold in this case.

6.3 Numerical example

Suppose the strengths of network e¤ects are �1 = �2 = 0:25, the consumer type (t1; t2) is

uniformly distributed on unit square [�0:3; 0:7] � [�0:3; 0:7], and tX = 0. f1 = f2 = 0:
This is therefore an example with both additive values from two sides and symmetric

consumer types. All calculations are done via Scienti�c WorkPlace 5.0 and the results are

presented in Table 2.
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Table 2. Numerical Example

(�1 = �2 = 0:25, (t1; t2)� U[�0:3; 0:7]� [�0:3; 0:7], tX = 0, f1 = f2 = 0:)

Separate Pricing Mixed Bundling Comment

ui �0:233 > �0:463 Negative values to either side

uX 0 0:735

ub �0:467 < �0:192
pi 0:350 0:633

pX 0 0:735 M.B. discount large

�Transaction�fee 0:75 > �0:149 M.B. subsidizes transactions

�Membership�fee 0 0:735 M.B. membership fee high

Ni 0:467 < 0:680

Di 0:249 > 0:007

Db 0:218 < 0:673

N 0:716 > 0:687 M.B. attracts fewer users overall

M = Db
N 30:4% < 98:0% M.B. market close to fully mixed

� 0:327 < 0:367

vi 0:467 < 0:804

vb 0:933 > 0:872

ri =
vi
pi

1: 333 1: 269

�ii or E
i
i 0:75 0:931

1
�ii
or 1
Eii

1: 333 1: 074 M.B.
��� vipi ��� > ��� 1Eii ���

�ib 2: 637 � S.P.
���ii�� < 2 ���ib��

�1b
�11
+

�2b
�22

7: 031 � S.P. �
1
b

�11
+

�2b
�22
> 1

Optimal mixed bundling At the optimal mixed bundling strategy, the platform is

providing a negative common value (ui = �0:463) to consumers on both sides, but the
consumers who join both sides get a huge extra value (uX = 0:735). As some consumers

have very asymmetric idiosyncratic values (ti may be as high as 0:7 and tj may be as low

as �0:3), some of them still choose a single side despite the low common value. However

their proportion is very small. Almost all consumers join both sides, and the degree of

mixedness is 98%.

The strategy that achieves this outcome is quite interesting. The platform charges

members of each side a price of pi = 0:633, but o¤ers those who join both sides a huge

discount of pX = 0:735, which in fact results in a lower �nal price for the bundle than

that for either side (p1 + p2 � pX = 0:532 < pi). This strategy would only seem feasible

in practice if consumers have no �free disposal� of their idiosyncratic values ti, which

is true in our model and in Rochet and Tirole (2006) and Weyl (2010), where negative

�membership bene�ts�may represent some ��xed cost�involved in gaining access to the
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platform.

However, when implemented with an equivalent two-part tari¤ in �two stages�, the

assumption of �no free disposal� appears less problematic. The platform can charge a

membership fee A = 0:735 for access to the platform (including both sides), and then

o¤ers a subsidy of 0:149 for each actual transaction or interaction made. Using the notation

discussed in section 1, here the �additional fee�for side i is ai = �0:149�Nj = �0:102(= pi
� A), which is actually a subsidy. For consumers who will �incur�negative ti once they
make a transaction on side i, sticking to only side j may be preferable despite the subsidy

that could be obtained from side i.

The transaction subsidy essentially enhances the positive network e¤ects (�i = 0:25)

and makes the market slightly �more two-sided�. Enforceability of such a two-part tari¤

requires the platform�s ability to monitor users�membership status and interactions or

transactions, which works in telecommunications and crowd funding markets, for instance.

At the optimal mixed bundling strategy, the platform earns high and relatively �even�

economic values from all consumers, in that vi = 0:804 and v1+v2�pX = 0:872 are rather
large and quite close in magnitude, relative to the parameters. The two inequalities in

Proposition 4 both hold. The adjusted price-cost margin is higher than the inverse of the

price elasticity of demand for either side.

Optimal separate pricing The optimal separate pricing strategy involves a relatively

low price (pi = 0:35) for either side, which still results in a negative common value (ui =

�0:233 < 0) o¤ered to both sides. The platform earns twice more economic value from

double-side consumers (v1+v2 = 0:933) than from single-side consumers (vi = 0:467). The

adjusted price-cost margin at optimality on side i, vipi , is exactly equal to the inverse of the

price elasticity of demand for side i, as the Lerner formula (15) suggests. The equivalent

two-part tari¤ involves a positive fee for each interaction (0:35) on either side, contrary to

the optimal transaction subsidy under mixed bundling.

Separate pricing attracts more users overall, but the degree of mixedness is much

lower (30:4%). At the optimal separate pricing strategy, @�
@uX

= 0:218 > 0, indicating that

o¤ering a positive bundle discount (or charging a positive membership fee if a two-part

tari¤ is used) will be pro�table. Alternatively, it can be calculated that condition (17b)

holds with �>�as �
1
b

�11
+

�2b
�22
= 7: 031; and the condition in Corollary 4 becomes 30:4% > 0

as �1f1g = �
1
1 = 0:75. Indeed we see that the pro�t of the platform is higher under mixed

bundling (0:367 > 0:327).

7 Conclusion

The platform pricing problem in mixed two-sided markets has two prominent features:

network e¤ect from �two-sidedness�and multiple products due to �mixedness�. Our
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model and results show that: 1) the impact of two-sidedness can be isolated into the

price-cost margins of two sides, in which the network bene�ts that each consumer creates

for the opposite side need to be accounted for; 2) these adjusted price-cost margins and

various familiar price elasticities of demand su¢ ce to explain both the platform�s incentive

to bundle and the optimal pricing strategy; and 3) the optimal pricing rule for mixed two-

sided markets generalizes the familiar Lerner formulas for one-sided markets and standard

two-sided markets.

We have endeavored to provide a theoretical framework that is as general as possi-

ble, as a �rst step toward understanding platforms�pricing behavior in mixed two-sided

markets. Based on this model, we �nd the following three directions interesting for fu-

ture work. First, it may be useful to work out the theoretical implications of the general

model in several special cases, such as one where the two sides exhibit substitutability or

complementarity, depending on the speci�c applications intended. Second, it would be

ideal to extend the monopoly model to one that includes platform competition. Third, it

would be superb to test empirically whether these results �t market data in some of the

examples we have discussed.

For a mixed two-sided platform in real life, the choice among di¤erent theoretical

pricing strategies may entail much more than just a change in pricing. It may also involve

completely di¤erent product/system design of the platform. Note that mobile phone

networks do not have to o¤er a SIM card that has both calling and receiving functions.

It is technologically feasible to make separate devices that only have either one function.

In fact, in the latter half of the twentieth century, telecommunications networks in many

countries o¤ered �pagers�which are mobile devices that can only receive messages. Nor

does eBay have to provide all users with both buyer and seller services. It is up to the

platform whether or not to design the product and/or system to allow the callers to receive

calls, to allow the lenders to borrow money, or to allow the buyers to sell. The choice of

optimal pricing strategy may be the result of a particular design, and can certainly also

be the reason why the platform is designed the way it is. For burgeoning mixed two-sided

markets such as renewable energy power grids, understanding the problem of platform

pricing should be a necessary step in the process of platform design, not least because

pro�tability will foster sustainability as the industry moves forward.
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9 Appendix - Proofs

Proof of Lemma 1

First consider i = 1, j = 2. And the proof for the case where i = 2 and j = 1 is similar.

Given the distribution of (t1; t2; tX),

N1(u) = Pr[maxfu1 + t1; u1 + t1 + u2 + t2 + uX + tXg � maxfu2 + t2; 0g]

= Pr[u1 + t1 +maxfu2 + t2 + uX + tX ; 0g � maxfu2 + t2; 0g]

When u1 or uX increases, N1 also increases (in the set-theoretic sense), such that N1
1 > 0

and NX
1 = D1b > 0.

D1(u) = Pr[u1 + t1 � maxfu2 + t2; u1 + t1 + u2 + t2 + uX + tX ; 0g]

For values of (t1; t2; tX) such that u1 + t1 + u2 + t2 + uX + tX � maxfu2 + t2; 0g, we have
D1(u) = Pr[0 � u2 + t2 + uX + tX ] such that D1 is invariant in u1 and decreasing in u2
and uX ; and for all other values of (t1; t2; tX), D1 is given by Pr[u1+ t1 � maxfu2+ t2; 0g]
which is increasing in u1, decreasing in u2, and invariant in uX . Therefore we conclude

that D11 > 0, D
2
1 < 0, and D

X
1 < 0. Similarly, we have D

1
2 < 0. Therefore we have

N1
1 �N1

2 = D
1
1 +D

1
b �D12 �D1b = D11 �D12 > 0:

N(u) = Pr[maxfu1 + t1; u2 + t2; u1 + t1 + u2 + t2 + uX + tXg � 0]

When u1 or uX increases, N also increases, such that N1 > 0 and NX > 0.

Db(u) = Pr[u1 + t1 + u2 + t2 + uX + tX � maxfu1 + t1; u2 + t2; 0g]

When uX increases, Db also increases, such that DXb > 0.

As we also have N1
1 +N

1
2 = N

1 +D1b > 0 which implies N
1
1 > �N1

2 , therefore we can

say N1
1 >

��N1
2

�� :�
Proof of Lemma 2

First consider i = 1, and the proof for the case when i = 2 is similar.

As N = N1 +D2, we have N1 = N1
1 +D

1
2. By Lemma 1 we know N

1 > 0, N1
1 > 0,

and D12 < 0. Therefore

NN1
1 �N1N1 = (N1 +D2)N

1
1 � (N1

1 +D
1
2)N1 = D2N

1
1 �D12N1 > 0

which meansN
1
1

N1
> N1

N (> 0). Therefore E11 =
N1
1

N1
p1 > E1N = N1

N p1 if and only if p1 > 0,

and
��E11 �� = N1

1
N1
jp1j >

��E1N �� = N1

N jp1j if and only if p1 6= 0. (Note that when pi = 0, we

have Eii = E
i
N = 0.)�
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Proof of Proposition 2

i) Condition (16a):

From (6) and (8) we know

@

@uX
�(u) = NX

1 v1 +N
X
2 v2 �Db �DXb uX (22)

(p1; p2) is the optimal separate pricing strategy, which induces common values (uSP1 =

�1n2 � p1; uSP2 = �2n1 � p2). As db = ni � di implies dib = nii � dii; n = di + nj implies

ni � @n
@ui

= dii + n
i
j ; and n

2
1 = n

1
2, we have

@

@uX
�(uSP1 ; uSP2 ; 0) = NX

1 � v1 +NX
2 � v2 � db

= d1b � v1 + d2b � v2 � db
= (n11 � d11)v1 + (n22 � d22)v2 � db
= n11v1 + n

2
2v2 � d11v1 � d22v2 � db

= (n1 � n12v2) + (n2 � n21v1)� d11v1 � d22v2 � db
= n1 + n2 � db � n12v1 � d11v1 � n21v2 � d22v2
= n� n1v1 � n2v2

= n(1� n
1 � p1
n

� v1
p1
� n

2 � p2
n

� v2
p2
)

= n(1� �1nr1 � �2nr2)

where n11v1 = n1�n12v2 follows from the �rst-order condition (12) for p1, and similarly for

p2. Therefore @
@uX

�(uSP1 ; uSP2 ; 0) ? 0 i¤ �1nr1 + �2nr2 7 1:
ii) Condition (16b):

@

@uX
�(uSP1 ; uSP2 ; 0) = NX

1 � v1 +NX
2 � v2 � db (23a)

= d1b � v1 + d2b � v2 � db (23b)

= db(
d1b � p1
db

� v1
p1
+
d2b � p2
db

� v2
p2
� 1) (23c)

= db(�
1
b � r1 + �2b � r2 � 1) (23d)

where (23a) follows from (22) by setting uX = 0; (23b) follows from (4); and �nally in

(23d), �ib is de�ned in (10).�

Proof of Corollary 3

Given symmetric distribution, denote uS(= u1 = u2) the same optimal separate com-

mon value for each side, as induced by the optimal symmetric separate pricing strategy.
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By (6) and (12) we know

v1 = v2 =
n1

n11 + n
1
2

(24)

As n11 + n
1
2 = n1 + d1b > 0, we have v1 = v2 > 0. Suppose without loss of generality

that p1 > 0. Therefore

�1b > �1n ,
d1bp1
db

>
n1p1
n

,

d1b
db

>
n1

n
(> 0), d1b

db
>
n1 + d1b
n+ db

=
n11 + n

1
2

2n1
=

1

2v1
,

d1bp1
db

>
p1
2v1

, �1b >
1

2r1
, 2�1b � r1 > 1

which is exactly condition (16b) with symmetric types.�

Proof of Corollary 4

Given symmetric distribution, we have (24), and therefore (23b) becomes

@

@uX
�(uS ; uS ; 0) =

2n11d1 � d11n� dbd12
n11 + n

1
2

where n11 + n
1
2 = n

1 + d1b > 0, and d
1
2 < 0. Therefore

@

@uX
�(uS ; uS ; 0) >

2n11d1 � d11n
n11 + n

1
2

As M = db
n �

�1f1g
�11
� 1 implies d11=d1

n11=n1
=

�1f1g
�11
� 1 +M = 1+ db

n =
2n1
n , we have

d11
n11
� 2d1

n ,

which implies 2n11d1 � d11n � 0. Therefore @
@uX

�(uS ; uS ; 0) > 0:�

Proposition 3: Analytical solution of the optimal mixed bundling strategy

Suppose the optimal mixed bundling strategy is (p�1; p
�
2; p

�
X). We will �rst solve the

system of equations in Proposition 3 for the optimal r�1, r
�
2, and p

�
X .

Substituting EXi =
NX
i �p�X
Ni

and EXb =
DX
b �p�X
Db

in the system of equations in Proposition

3, we have

E11 � r�1 + E21 � r�2 �
D1b
N1
p�X = 1

E12 � r�1 + E22 � r�2 �
D2b
N2
p�X = 1

E1b � r�1 + E2b � r�2 �
DXb
Db

p�X = 1
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The solution is therefore

r�1 =
1

c
[
DXb
Db

(E21 � E22) +
D1b
N1
(E22 � E2b ) +

D2b
N2
(E2b � E21)]

r�2 =
1

c
[
DXb
Db

(E12 � E11) +
D1b
N1
(E1b � E12) +

D2b
N2
(E11 � E1b )]

p�X =
1

c
[E1b (E

2
1 � E22) + E2b (E12 � E11) + E11E22 � E12E21 ]

where c =
DXb
Db

(E21E
1
2 � E11E22) +

D1b
N1
(E1bE

2
2 � E12E2b ) +

D2b
N2
(E11E

2
b � E21E1b )

As ri =
pi�(fi��jNj)

pi
according to (7), the corresponding optimal price for side i is

p�i =
�jNj � fi
r�i � 1

:�

Proof of Proposition 4

Consider i = 1 and j = 2. By (19a), when v�1 > 0, we have jr�1j � 1

jE11 j
if and only

if EX1 � E21 � r�2. By NX
1 = D1b > 0, and r�2 =

v�2
p�2
, we have EX1 � E21 � r�2 if and only if

p�X �
E12N2v

�
2

E1bDb
. The case when i = 2 and j = 1 is symmetric.�

Proof of Proposition 5

i) v�i > 0 :

Given symmetric distribution, we solve the system of equations in Proposition 3. The

optimal symmetric mixed bundling strategy (u�1; u
�
2; u

�
X) must induce the same optimal

common value for each side: u�1 = u
�
2. By (6) and (19a) we know

v�1 = v
�
2 =

N1 +N
X
1 p

�
X

N1
1 +N

1
2

=
N1 +D

1
bp
�
X

N1 +D1b

substituting in (19c) and we have 2D
1
b

Db
v�1 = 2

D1
b

Db

N1+D1
bp
�
X

N1+D1
b
= 1+EXb , which after reduction

gives us the solution

p�X =
D1bN �DbN1

DXb N
1 �D1bNX

=
D1bN �DbN1

DXb D
1
s �D1bDXs

where Ds � D1 +D2 (and therefore N = Ds +Db). Thus

v�1 =
N1 +D

1
bp
�
X

N1 +D1b
=
DXb D1 �DbDX1
DXb N

1 �D1bNX

where the numerator must be positive as DXb > 0 and DX1 < 0. Therefore v�1 > 0 if

and only if DXb N
1 �D1bNX = DXb D

1
s �D1bDXs > 0. As DXs = DX1 +D

X
2 < 0, we know
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D1s = D
1
1 +D

1
2 > 0 implies D

X
b D

1
s �D1bDXs > 0 which in turn implies v�1 > 0.

Note that by de�nition, p�1 = v�1 + (f1 � �2N2), so v�1 > 0 does not guarantee that

p�1 > 0. The sign of p
�
1 also depends on (f1 � �2N2).

ii) p�X > 0 if and only if
��E1b �� > ��E1N ��:

Recall the de�nitions E1b =
D1
bp1
Db

and E1N =
N1p1
N .

As p�X =
D1
bN�DbN1

DX
b D

1
s�D1

bD
X
s
, where D1s = D11 + D

1
2 > 0 implies that the denominator is

positive, therefore its sign depends on the numerator

D1bN �DbN1 =
DbN

p�1
(E1b � E1N )

where DbN > 0. Therefore p�X has the same sign as
1
p�1
(E1b � E1N ).

Necessity: When p�X > 0 (a positive discount for joining both sides), we know at least

one of the optimal separate prices (p�1 or p
�
2) must be positive, otherwise the platform

makes non-positive pro�t. Suppose without loss of generality that p�1 > 0. Therefore

E1b > 0, E
1
N > 0, and E

1
b > E

1
N , which implies

��E1b �� > ��E1N ��.
Su¢ ciency: Suppose

��E1b �� > ��E1N ��, then p�1 6= 0. If p�1 > 0, we have E1b > E1N > 0, and
therefore p�X > 0. If p

�
1 < 0, we have E

1
b < E

1
N < 0, and therefore p

�
X > 0.

Note that we clearly also have p�X = 0 if and only if
��E1b �� = ��E1N ��.�

Proof of Proposition 6

For a given level of � = �1+�2, the optimal mixed-bundling common values are given

by u�(�) = (u�1(�); u
�
2(�); u

�
X(�)) according to (21), which also determine the demand for

all market segments, N1(u�(�)), N2(u�(�)) and Db(u�(�)).

Point i) is immediate from (2) and (21), as the optimal bundle discount is uniquely

determined by p�X = u
�
X(�).

Point i): Note that by (1) and (2) we have

p�1 + p
�
2 � p�X = �1N2 � u�1 + �2N1 � u�2 � p�X

= �1N2 � u�1 + (�� �1)N1 � u�2 � p�X
= �1(N2 �N1) + �N1 � u�1 � u�2 � u�X

which implies that, given �, the �nal price increases in �1 if and only if N2 �N1 > 0.
Similarly, as we also have p�1+ p

�
2� p�X = �2(N1�N2) +�N2� u�1� u�2� u�X , the �nal

price increases in �2 if and only if N1 �N2 > 0.
Point iii): From (1) we have p�1 = �1N2 � u�1 and p�2 = �2N1 � u�2, which immediately

implies point i).�
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